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lkjka'k

bl 'kks/k i= dk mís'; xq.ku – T lgekud ds lUnHkZ esa çfr & vLQqV mioy; ¼Anti – Fuzzy 
Subring½ dh vo/kkj.kk ls ikBdksa dks ifjfpr djkuk gS A blds vfrfjä] bl 'kks/k i= esa çfr & vLQqV 
mioy; dh xq.ku – T lgekud lUnHkZ esa nh x;h ifjHkk"kk dk fo'ys"k.k fd;k x;k gS rFkk lekdkfjrk 
ds dqN çes; Hkh çfrikfnr fd;s x, gS A var esa çfr & vLQqV mioy; ds xq.ku ¼*½ dh vo/kkj.kk dks 
çfrikfnr fd;k x;k gS rFkk blls lEcaf/kr dqN çes; Hkh fn, x, gSa A

Abstract
The motivation of this work is to make acquainted to the readers with the notion of anti-fuzzy 

subring of a ring under product T- conorm. Apart from this, analysis of the definition of anti-fuzzy 
subring with special reference to product of T-conorm has been carried out in this research paper 
and some theories are derived with a few results on homomorphism. At the end, we have proposed 
the concept of product (*) of anti-fuzzy subring along with some related theorems.

eq[; 'kCn % vLQqV mioy;] çfr & vLQqV mioy;] çfr & vLQqV mioy; dk xq.ku] çfr & 
vLQqV mioy; dh lekdkfjrk

Keywords: Fuzzy Subring, Anti-fuzzy Subring, Product of Anti-fuzzy Subring, Homomorphism 
of Anti-fuzzy Subrings

ifjp;

vLQqV leqPp; dh ifjdYiuk loZçFke tknsg [1] us dh Fkh A bl ifjdYiuk ds i'pkr ls gh bldk 
ç;ksx fofo/k {ks=ksa esa rsth ls c< + jgk gS A lewg fl)kar ¼Group Theory½ ds {ks= esa vLQqV leqPp; dk 
ç;ksx loZçFke jkslsuQsYM [2] us fd;k rFkk lkFk gh fdlh lewg ds vLQqV milewg dh vo/kkj.kk dks 
çfrikfnr fd;k A bl dk;Z ds i'pkr vLQqV fl)kar ¼Fuzzy Theory½ ds {ks= esa Økafrdkjh ifjorZu 
–f"Vxr gq, rFkk vLQqVhdj.k ¼Fuzzification½ dh çfØ;k esa rsth vkbZ A dkykUrj esa] fy;wa [7] us vLQqV 
mioy; ¼Fuzzy Subring½ rFkk vLQqV xq.ktkoyh ¼Fuzzy Ideal½ dh vo/kkj.kk dks çfrikfnr fd;k A 
blds i'pkr] vusdksa 'kks/kdrkZvksa nhf{kr [8]] eq[kthZ ,oa vU; [10] rFkk flag [5] us vLQqV mioy; 
rFkk vLQqV xq.ktkoyh ds dbZ igyqvksa dh foospuk dh A bl 'kks/k i= esa geus vkte ,oa vU; [9] }kjk 
nh x;h çfr & vLQqV mioy; dh vo/kkj.kk dks ifj"—r fd;k gSa rFkk ;g çnf'kZr fd;k gS fd gekjs  
}kjk nh x;h vo/kkj.kk vkte }kjk nh x;h vo/kkj.kk ls vf/kd vkd"kZd gS A geus xq.ku  T- lgekud 
ds lUnHkZ esa çfr & vLQqV mioy; ij vk/kkfjr dqN çes; Hkh çfrikfnr fd;s gSa A
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ifjp;kRed

ifjHkk"kk 1 [7] ekuk fd R nks f}vk/kkjh lafØ;kvksa ¼ + ½ vkSj ¼.½ ds lkis{k ,d oy; gS rFkk P] R 
dk ,d vLQqV mileqPp; gS rc P dks R dk ,d vLQqV mioy; dgrs gS ;fn P f}vk/kkjh lafØ;k  
¼ +½ ds fy, vLQqV milewg ¼Fuzzy Subgroup½ gks rFkk P f}vk/kkjh lafØ;k ¼.½ ds fy, vLQqV 
milewgkHk ¼Fuzzy Subgroupoid½ gks A vFkkZRk~]

(i) P(u + v)≥min{P(u),P(v)},  ∀ u,v ∈ R

(ii) P(-u)≥P(u),  ∀ u ∈ R

(iii) P(uv)≥min{P(u),P(v)},  ∀ u,v ∈ R

ifjHkk"kk 2 [9] ekuk fd R nks f}vk/kkjh lafØ;kvksa ¼ + ½ vkSj ¼.½ ds lkis{k ,d oy; gS rFkk P] R 
dk ,d vLQqV mileqPp; gS rc P dks R dk ,d çfr & vLQqV mioy; dgrs gS ;fn fuEu 'krksaZ 
dk ikyu gksrk gks %&

(i) P(u + v) ≤ max{P(u),P(v)},  ∀ u,v ∈ R

(ii) P(-u) ≤ P(u),  ∀ u ∈ R

(iii) P(uv) ≤ max{P(u),P(v)},  ∀ u,v ∈ R

xq.ku T- lgekud ds lUnHkZ esa çfr & vLQqV mioy; dh vo/kkj.kk

ifjHkk"kk 3 ekuk fd R nks f}vk/kkjh lafØ;kvksa ¼ + ½ vkSj ¼.½ ds lkis{k ,d oy; gS rFkk P] R dk ,d 
vLQqV mileqPp; gS rc P dks R dk ,d çfr & vLQqV mioy; dgrs gS ;fn fuEu 'krksaZ dk ikyu 
gksrk gks %&

(i) P(u + v) ≤ P(u) + P(v) - P(u)P(v),  ∀ u,v ∈ R

(ii) P(-u) ≤ P(u),  ∀ u∈ R

(iii) P(uv) ≤ P(u) + P(v) - P(u)P(v),  ∀ u,v ∈ R

mijksä nksuksa ifjHkk"kkvksa ds lUnHkZ esa gekjk dFku ;g gS fd ;fn P ifjHkk"kk 2 ds vFkZ esa ,d çfr 
& vLQqV mioy; gS rks ifjHkk"kk 3 ds vFkZ esa Hkh ,d çfr & vLQqV mioy; gS fdUrq blds foijhr 
;g vko';d ugha gS A

ekuk fd ifjHkk"kk 2 esa P] R dk ,d çfr & vLQqV mioy; gS rc gekjs ikl gS %&

P(u + v) ≤ max{P(u),  P(v)} ≤ P(u) + P(v) - P(u)P(v),  ∀ u,v ∈ R

P(uv) ≤ max{P(u),  P(v)} ≤ P(u) + P(v) - P(u)P(v),  ∀ u,v ∈ R

bl çdkj ge ;g dg ldrs gSa fd ifjHkk"kk 3 ds rgr P] R dk ,d çfr & vLQqV mioy; gSa 
fdUrq lkekU; :i esa P(u) + P(v) - P(u)P(v) ≰ max{P(u),P(v)} lnSo lR; ugha gS A vr% ;g fu"d"kZ 
fudyk tk ldrk gS fd ifjHkk"kk 3] ifjHkk"kk 2 ls vf/kd O;kid gS A
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mijksä vo/kkj.kk ij vk/kkfjr dqN çes;

çes; 1 ekuk fd vLQqV mileqPp; P] oy; ¼R, + , .½ dk ,d çfr & vLQqV mioy; gS rc 
fuEufyf[kr dFku lR; gS %&

(i) P(-u)=P(u),  ∀ u∈ R

(ii) P(0) ≤ 2P(u)-[P(u)]2, ∀ u ∈ R

(iii) P(u-v) ≤ P(u) + P(v) - P(u)P(v),  ∀ u,v ∈ R

çek.k % (i) ekuk fd vLQqV mileqPp; P] oy; ¼R, + , .½ dk ,d çfr & vLQqV mioy; gS rc 
gekjs ikl gS %&

P(-u) ≤ P(u)

vkSj P(-(-u)) ≤ P(-u)
i.e.,  P(u) ≤ P(-u)
∴ P(-u)=P(u),  ∀ u ∈ R

(ii)     P(u-u)=P(u + (-u))
 =P(u) + P(-u) - P(u)P(-u)
 =P(u) + P(u)—P(u)P(u)
 =2P(u)-[P(u)]2

i.e.,  P(0) ≤ 2P(u)-[P(u)]2, ∀ u ∈ R
(iii)  P(u-v)=P(u + (-v))

  ≤ P(u) + P(-v) - P(u)P(-v)
 =P(u) + P(v) - P(u)P(v)

i.e.,  P(u-v) ≤ P(u) + P(v) - P(u)P(v),  ∀ u,v ∈ R

çes; 2& ;fn ¼R, + , .½ ,d oy; gks rFkk P] R dk vLQqV mileqPp; gks] rks P dks R dk ,d 
çfr & vLQqV mioy; dgrs gS ;fn

∀ u,v∈ R, P(u-v) ≤ P(u) + P(v) - P(u)P(v) vkSj P(uv) ≤ P(u) + P(v) - P(u)P(v) ds lkFk P(0)=0

çek.k % ekuk fd ¼R, + , -½ ,d oy; gS rFkk P] R dk vLQqV mileqPp; bl çdkj ls gS fd

P(u-v) ≤ P(u) + P(v) - P(u)P(v),  ∀ u,v∈ R …..(i)

vkSj P(uv) ≤ P(u) + P(v) - P(u)P(v),  ∀ u,v∈ R ds lkFk P(0)=0

lehdj.k ¼i½ ls

 P(0-u) ≤ P(0) + P(u) - P(0)P(u)
 =0 + P(u)-0∙P(u)
 =P(u)
i.e.,  P(-u) ≤ P(u),  ∀ u ∈ R
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blds vfrfjä ∀ u] v ∈ R] gekjs ikl gS

P(u + v)=P(u-(-v))

  ≤ P(u) + P(-v) - P(u)P(-v)

  ≤ P(u) + P(v) - P(u)P(v)

i.e.,  P(u + v) ≤ P(u) + P(v) - P(u)P(v)

vr% P] R dk çfr & vLQqV mioy; gS A

çes; 3 ;fn 𝑓 oy; R ls R' ij ,d lekdkfjrk gS rFkk P o Q Øe'k% R vkSj R' ds çfr & 
vLQqV mioy; gS rks 𝑓-1 (Q)] R dk çfr & vLQqV mioy; gksxk A

çek.k % ekuk 𝑓 oy; R ls R' ij ,d lekdkfjrk gS rFkk P o Q Øe'k% R vkSj R' ds çfr & 
vLQqV mioy; gS rFkk

∀ u,v ∈ R rks u + v,  uv ∈ R vkSj 𝑓(u), 𝑓(v), 𝑓(u + v), 𝑓(uv)∈ R'.

vc gekjs ikl gS %

(𝑓-1 (Q))(u + v)=Q(𝑓(u + v))

=Q(𝑓(u) + 𝑓(v)) ¼𝑓 ,d lekdkfjrk gS½

 ≤ Q(𝑓(u)) + Q(𝑓(v))-Q(𝑓(u))Q(𝑓(v))

		  ¼Q çfr & vLQqV mioy; gS½

 =(𝑓-1 (Q))(u) + (𝑓-1 (Q))(v)-(𝑓-1 (Q))(u)(𝑓-1 (Q))(v)
i.e.,  (𝑓-1 (Q))(u + v) ≤ (𝑓-1 (Q))(u) + (𝑓-1 (Q))(v)-(𝑓-1 (Q))(u)(𝑓-1 (Q))(v)

vkSj (𝑓-1 (Q))(-u)=Q(𝑓(-u))

 =Q(-𝑓(u)) ¼ 𝑓 ,d lekdkfjrk gS½

≤ Q(𝑓(u)) ¼Q çfr & vLQqV mioy; gS½

=(𝑓-1 (Q))(u)
i.e.,  (𝑓-1 (Q))(-u) ≤ (𝑓-1 (Q))(u)

varr% gekjs ikl gS

(f-1 (Q))(uv)=Q(f(uv))

=Q(f(u)∙f(v))           ¼ 𝑓 ,d lekdkfjrk gS½                         
≤Q(f(u)) + Q(f(v))-Q(f(u))Q(f(v))     

                  ¼Q çfr & vLQqV mioy; gS½

   =(f-1 (Q))(u) + (f-1 (Q))(v)-(f-1(Q))(u)(f-1(Q))(v)
i.e., (f-1(Q))(uv)≤(f-1(Q))(u) + (f-1(Q))(v)-(f-1(Q))(u)(f-1(Q))(v)
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vr% 𝑓-1 ¼Q½] R dk çfr & vLQqV mioy; gS A

çfr & vLQqV mioy; ds xq.kd ¼*½

ifjHkk"kk 4 ekuk fd ¼R, + , .½ ,d oy; gS rFkk P ,oa Q] oy; R ds çfr & vLQqV mioy; gS] 
rc ge nks çfr & vLQqV mioy; P vkSj Q ds xq.kd ¼*½ dks bl çdkj ifjHkkf"kr djrs gS %&

(P * Q)(x)=P(x) + Q(x)-P(x)Q(x),∀ x ∈ R
mijksä çfr & vLQqV mioy;ksa ds xq.kd ds fopkj ds vk/kkj ij dqN jkspd ifj.kke LFkkfir djrs gSaA

çes; 4 ;g çekf.kr djsa fd Þnks çfr & vLQqV mioy;ksa dk xq.kd iqu% ,d çfr & vLQqV mioy; 
gksrk gS Aß

çek.k %  ekuk fd P ,oa Q] oy; R ds dksbZ nks çfr & vLQqV mioy; gS rc

∀u,v∈ R : ifjHkk"kk 4 ds vuqlkj gekjs ikl gS %&

 (P*Q)(u + v)=P(u + v) + Q(u + v)-P(u + v)Q(u + v)
                      ≤[P(u) + P(v)-P(u)P(v)] + [Q(u) + Q(v)-Q(u)Q(v)]-  
                    [(P(u) + P(v)- P(u)P(v))(Q(u) + Q(v)-Q(u)Q(v))]  
                      =[P(u) + Q(u)-P(u)Q(u)] + [P(v) + Q(v)-P(v)Q(v)]- 
                     [(P(u) + Q(u)-P(u)Q(u))(P(v) + Q(v)-P(v)Q(v))]   
                      =(P*Q)(u) + (P*Q)(v)-(P*Q)(u)(P*Q)(v)
i.e., (P*Q)(u + v)≤(P*Q)(u) + (P*Q)(v)-(P*Q)(u)(P*Q)(v)

,oa

 (P*Q)(-u)=P(-u) + Q(-u)-P(-u)Q(-u)
                       ≤P(u) + Q(u)-P(u)Q(u)
                       =(P*Q)(u)
i.e., (P*Q)(-u)≤(P*Q)(u)

varr% gekjs ikl gS

   (P*Q)(uv)=P(uv) + Q(uv)-P(uv)Q(uv)
                     ≤[P(u) + P(v)-P(u)P(v)] + [Q(u) + Q(v)-Q(u)Q(v)]-  
                          [(P(u) + P(v)- P(u)P(v))(Q(u) + Q(v)-Q(u)Q(v))]  
                      =[P(u) + Q(u)-P(u)Q(u)] + [P(v) + Q(v)-P(v)Q(v)]- 
                         [(P(u) + Q(u)-P(u)Q(u))(P(v) + Q(v)-P(v)Q(v))]   
                               =(P*Q)(u) + (P*Q)(v)-(P*Q)(u)(P*Q)(v)

i.e., (P*Q)(uv)≤(P*Q)(u) + (P*Q)(v)-(P*Q)(u)(P*Q)(v)

blls ;g çekf.kr gksrk gS fd nks çfr & vLQqV mioy;ksa dk xq.kd iqu% ,d çfr & vLQqV 
mioy; gksrk gS A
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çes; 5& ;fn P] Q ,oa R ,d oy; S ds çfr & vLQqV mioy; gS] rks çfr & vLQqV mioy;ksa ds 
}kjk n'kkZ;k x;k xq.ku ¼*½ lkgp;Z ,oa Øefofues; xq.k/keZ dk ikyu djrk gS A

çek.k % ekuk fd S ,d oy; gS vkSj P] Q ,oa R oy; S ds çfr & vLQqV mioy; gS rks

∀ u]∈S] ifjHkk"kk 4 ds vuqlkj gekjs ikl gS %&

 [P*(Q*R)](u)=P(u) + (Q*R)(u)-P(u)(Q*R)(u)

                               =P(u) + Q(u) + R(u)-Q(u)R(u)-P(u)[Q(u) + R(u)-Q(u)R(u)]

                            =P(u) + Q(u) + R(u)-Q(u)R(u)-P(u)Q(u)  – P(u)R(u) + P(u)Q(u)R(u)

                            =P(u) + Q(u)-P(u)Q(u) + R(u)-(P(u) + Q(u)-P(u)Q(u))R(u)

                            =(P*Q)(u) + R(u)-(P*Q)(u)R(u)

                            =[(P*Q)*R](u)

 ∴[P*(Q*R)](u)=[(P*Q)*R](u)

i.e.,  [P*(Q*R)]=[(P*Q)*R]

vr% oy; S ds çfr & vLQqV mioy;ksa ds }kjk n'kkZ;k x;k xq.ku ¼*½ lkgp;Z xq.k/keZ dk ikyu 
djrk gS A

varr% gekjs ikl gS

(P*Q)(u)=P(u) + Q(u)-P(u)Q(u)   vkSj  (Q*P)(u)=Q(u) + P(u)-Q(u)P(u)

pw¡fd P(u) ,oa Q(u) lao`Ùk varjky [0,1] esa la[;k,¡ gS] vr%

  P(u) + Q(u)-P(u).Q(u)=Q(u) + P(u)-Q(u).P(u)

 ∴(P*Q)(u)=(Q*P)(u)

 ⟹P*Q=Q*P

vr% oy; S ds çfr & vLQqV mioy;ksa ds }kjk n'kkZ;k x;k xq.ku ¼*½ Øefofues; xq.k/keZ dk ikyu 
djrk gS A

vfHkLoh—fr

ys[kd lathr dqekj; oSKkfud vkSj vkS|ksfxd vuqlU/kku ifj"kn~] ubZ fnYyh dks ofj"B vuqla/kku 
v/;srko`fr çnku djus ds fy, /kU;okn Kkfir djrs gS A

'kks/k i= esa ç;qä vaxzsth 'kCnksa dh lekukFkZd fganh 'kCnkoyh

Alphabetically sorted terminology in English o.kZekyk vuqØfer fganh 'kCnkoyh
Anti - Fuzzy subring çfr & vLQqV mioy;
Conorm lgekud
Homomorphism lekdkfjrk
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Fuzzification vLQqVhdj.k
Fuzzy group vLQqV lewg
Fuzzy groupoid vLQqV lewgkHk
Fuzzy ideal vLQqV xq.ktkoyh
Fuzzy ring vLQqV oy;
Fuzzy set vLQqV leqPP;
Fuzzy theory vLQqV fl)kar
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